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We have analyzed the effect of bias-voltage polarities on the shuttle instability in an asymmetrically nano-
electromechanical single-electron transistor �NEM-SET� using the Wigner phase space approach. The electric-
field-induced shift in oscillation equilibrium position together with the asymmetrical tunneling rate leads to the
symmetry breaking of electron occupations in the quantum dot for positively and negatively biased directions.
The symmetry-broken occupations make the works done by the electric field in different biased directions
unequal. As a consequence, the threshold voltage for the onset of shuttle instability is lower for a positive bias
voltage than for a negative one. Between two thresholds, the NEM-SET device exhibits a pronounced rectifi-
cation effect.
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I. INTRODUCTION

Recently, a nanoelectromechanical single-electron transis-
tor �NEM-SET�, consisting of a movable nanometer quan-
tum dot �NQD� or an island coupled to the emitter and col-
lector leads, has attracted growing attention. Distinguished
from conventional SET, it combines single-electron transport
with mechanically oscillating degree of freedom and so it
may give rise to a revolution in applications. Many studies
proposed the NEM-SET as a detector of very small force,1

small magnetic field,2,3 and spin state4 and also as data
storage1 and nanomechanical computer.5

Since the tunneling amplitude in NEM-SET devices is
exponentially dependent upon the spatial displacement of
NQD, the current flow through the setup is greatly sensitive
to the NQD motion.4,6 If the applied bias is small, the central
NQD will oscillate almost in the vicinity of the zero point.
Thus the electron tunnels into the dot from the emitter and
off to the collector without much involvement of the excita-
tion of island vibration.7,8 This is the so-called tunneling
transport, where the electronic current shows the usual fea-
tures of mechanically assisted tunneling transport. On the
contrary, if the applied bias is large enough, the charged
island will be accelerated by electric force and obtain energy
from the electronic current every time an electron transfers
from one lead to the other.9 As a consequence the oscillation
amplitude of the island becomes larger and larger and finally
develops into a shuttle instability, where electrons are trans-
ported from one electrode to the other with a probability of
essentially 1 to be offloaded at the first approach to the drain
electrode. This is a novel shuttle transport, a significant fea-
ture of which is that the current value depends only on the
frequency of the oscillator. In fact, this bias-induced
tunneling-shuttling transition is a process where bias voltage
makes the motion of island excited from vibrational ground
state. The shutting mechanism gives rise to a sharp step in
I-V relation at a certain threshold voltage,10,11 which signals
the transition from the tunneling transport to the shuttling
transport.

So far there have been many investigations on the shuttle
phenomena. Although in experimental aspect Park et al.7

provided a possible shuttle device with single-molecule C60,
the realization of a nanomechanical shuttle still depends on a
time-dependent ac driving voltage.12–14 In an exciting report,
Kim et al.5,15 recently suggested that the self-excited me-
chanical oscillation can be generated without any ac driving
field. In theoretical aspect, the investigation of shuttle insta-
bility has also become a topic. Novotný et al.16 extended an
early classical description9,10 to a full numerical quantum
treatment. In order to study the quantum shuttle phenomena
analytically, quasiclassical theory, incorporating the general-
ized master equation and Wigner phase space technology,
was extensively adopted.2,3,17–20 Many studies3,16–18 reported
the influences of bias voltage and damping rate on the shuttle
threshold, above which a dynamic instability occurs and the
center-of-mass motion of the dot develops into a stable limit
cycle. Furthermore, Fedorets et al.2 pointed out that the
shuttle instability is also sensitive to applied magnetic field.
Motivated by these reports in literature, we recently studied a
magnetic shuttle device20 and showed that the bias-voltage
threshold is relevant to the relative directions of magnetiza-
tion in two ferromagnetic leads.

Shuttle device as a candidate of future function element
was proposed as a rectifier in studies.21,22 Pistolesi and
Fazio21 remarked that the charge shuttle driven by a time-
dependent bias voltage can behave as an interesting rectifier
even for very low frequency because of the nonlinear dy-
namics of nanomechanical devices. In the present paper, we
consider the shuttle instability of the tunneling-shuttling tran-
sition through an NEM-SET structure. We exhibit that the
joint effect of the asymmetric setup and the shift in oscilla-
tion equilibrium position by the electric field will give rise to
the symmetry-broken occupation in the NQD between the
positive bias voltage �PBV� and the negative bias voltage
�NBV�. If the vibrational equilibrium position of the island
shifts to the side with a small tunneling rate in one biased
direction, the oscillator is easier to transit from a tunneling
regime to a new shuttling regime than in the opposite biased
direction. Thereafter, the onsets of the dynamic instability �or
the threshold voltages� are different for two biased directions
at the same damping. In between two thresholds, this device
is shown to have an ideal diodelike rectification effect. If
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either the asymmetry or the shift disappears, the rectification
will vanish. In Sec. II we address a theoretical model within
the framework of quantum master equation together with
Wigner phase space. In Sec. III we discuss an interesting
diodelike rectification effect by analyzing the effective po-
tential and probability distribution of oscillator in Wigner
representation. The electron occupation in the island is ana-
lyzed in Sec. IV. Finally, a short summary is given in Sec. V.

II. THEORETICAL MODEL AND METHOD

We consider a typical Hamiltonian for the NEM-SET,

H = �
k,�

��k,� − ���ck,�
† ck,� + �0d†d + �

k,�
�T��X��ck,�

† d + H.c.�

+ P�2/2M + M�0
2X�2/2 − e�X�d†d + Hdamp. �1�

The first three terms are similar to the conventional SET
Hamiltonian, i.e., two noninteracting electron reservoirs �
�L ,R as an emitter and a collector, the single energy level
�0 of the NQD, and the couplings between the NQD and the
reservoirs. ck,�

† �ck,�� creates �annihilates� an electron in lead
� with energy �k,� and wave vector k; d† is the creation
operator of electrons in the dot. Unlike the conventional
SET, where the quantum dot �or island� is static, the NQD in
the NEM-SET is suspended between the emitter and the col-
lector. Its center-of-mass motion is assumed to be confined in
a harmonic potential with mass M and vibration frequency
�0. So the tunneling amplitude, TL�R��X��
=TL�R� exp��X� /���, with �� as the electron tunneling
length, is exponentially dependent upon the displacement op-
erator X�. The electrochemical potential �L,R= 	eV /2 is
measured with respect to unbiased Fermi surface, where V is
the bias voltage and e
0 is the electron charge. We define
the positive bias voltage as the case that the left lead serves
as the emitter and the right lead as the collector �eV
0�. We
define the negative bias voltage as the opposite process �eV
�0�. When the dot is charged, the electrostatic potential
e�X� arises where the electric-field strength � between the
emitter and the collector is simulated as parallel-plate capaci-
tor �=V /L, with L as the distance between reservoirs.9,10 As
a result, the equilibrium position of the harmonic oscillator is
shifted along the electric-field direction. The last term,
Hdamp=�p�pbp

†bp+gpX��bp+bp
†�, represents the damping en-

vironment modeled by bosonic heat bath and its coupling to
the oscillator motion.23

For convenience, we measure all lengths in units of the
zero-point oscillation amplitude x0=�� /M�0 and all ener-
gies in units of ��0. The operators x=X� /x0, p=x0P� /�, and
=e�x0 /��0 are dimensionless displacement, momentum,
and electric field, respectively. The Liouville–von Neumann
equation is used to derive the quantum master equation for
the full Hamiltonian �Eq. �1�� in terms of the full density
matrix ��t�=�L � �R � �therm � �joi, where �joi is the electron-
oscillator joint density-matrix operator. Using the standard
Born and Markov approximations,2,16,17,24 we trace out the
degrees of freedom of the thermal bath and the electron in
leads and finally find a generalized Markovian master equa-
tion for the joint density matrix �joi,

��joi

�t
= − i�1

2
�p2 + x2� + ��0 − x�d†d,�joi�

+	 d�
�LD�d†e−x/���joifL
+���� + �LD�de−x/���joifL

−���

+ �RD�d†ex/���joifR
+��� + �RD�dex/���joifR

−���

−
i�

2
�x,
p,�joi�� −

�

2
�x,�x,�joi�� , �2�

where the notation D is defined as D����joi=��joi�
†

− 1
2 ��†��joi+�joi�

†��, with � as an arbitrary operator, and �· , ·�
and 
· , ·� stand for the commutator and anticommutator, re-
spectively. �����=2�������T��2 is the tunneling rate be-
tween the NQD and the emitter �or collector�, with ����� as
the density of states in lead �. In the wide-band approxima-
tion, the tunneling rate is independent of energy. f�

+���
=Tr�ck,�

† ck,����= �1+exp�
�−��

kBT ��−1 is a Fermi function and
f�

−���=1− f�
+���. The dimensionless dissipation rate ��1 de-

scribes the weak damping process of the oscillator motion.
We are interested in the transition from tunneling to shuttling
regime, in which a large bias voltage �eV����0 ,�0 ,kBT is
required and so the Fermi function reduces to the unit step
function. In steady state, it is sufficient to consider only the
diagonal elements of joint density matrices in electron
subspace:16 �osc

0 = 0��joi�0� and �osc
1 = 1��joi�1�.

A useful tool for analyzing the quantum dynamic system
in phase space is the Wigner distribution function, defined
as25 �take �=1�

W0�1��x,p� =
1

2�
	

−�

�

dy�x −
y

2
��osc

0�1��x +
y

2
�eipy . �3�

If the leads are biased by the PBV, the density matrices �osc
0

and �osc
1 can be mapped into the following charge-resolved

Wigner representation respectively:

�W0

�t
= ��x +



2
��p − p�x + L��W0 + �Re�2x+�/�W1

− �Le−�2x+�/��
n=0

�
�− 1�n

�2n�! � 1

�
�2n

�2nW0

�p
2n , �4�

�W1

�t
= ��x −



2
��p − p�x + L��W1 + �Le−�2x+�/�W0

− �Re�2x+�/��
n=0

�
�− 1�n

�2n�! � 1

�
�2n

�2nW1

�p
2n , �5�

where L�=��pp+ �
2

�2

�p
2 and the origin of x axis is shifted to the

point x= 
2 . In order to find the stationary solution

�W0�1�

�t =0, it
is convenient to switch them to the polar coordinate, X
=x /�=A sin � and P= p /�=A cos �, with �=�� /x0. Note
that x , p are numbers rather than operators from now on. The
quantum commutation relation �x , p� is reflected in 2n-order
differential terms. n=0 implies that the commutation relation
of �x , p� vanishes, which corresponds to the classic picture.
In what follows, we make perturbation expansion in the

WANG, WANG, AND XING PHYSICAL REVIEW B 78, 075434 �2008�

075434-2



small parameters  /� ,1 /�2 ,��1 to the second order �n
=0,1�, so the dynamic system is analyzed in the quasiclas-
sical picture.2,16,17

The expectation value of the electron current is deter-
mined by the total �discharged W0 and charged W1� states of
the vibrational degree of freedom, W+=W0+W1, whereas
W−=W0−W1 is related to the shuttling correlations between
the charge state and the mechanical state of the island. Using
the projector P�f���� 1

2��0
2�f���d� and complementary pro-

jector ��1− P�, it is easy to find a closed equation ��W+
= £W+. Here

£ = ��PP +
�

2�2

�2

�P
2 +

1

4�4 ��L�X� + �R�X��
�2

�P
2

+ � d

2�
�P + ��L�X� − �R�X��

1

4�4

�2

�P
2 �G−, �6�

with �L�R��X�=�L�R�e
��2X+/�� and W−=G−W+. G−�A ,�� is a

2� periodic function of the variable � and it satisfies the
equation

��G− = − ��R�X� + �L�X��G− + ��R�X� − �L�X�� . �7�

G−�A ,�� is related to the electron occupation in the dot
through n�A ,��=1 /2�1−G−�A ,���,17 which is the net charge
in the dot due to the incoming charge from the left minus the
outgoing charge to the right. In the leading-order approxima-
tion, the equation for W+ can be reduced to the Fokker-
Planck equation.2,3,17 Its solution reads

W+ � W̄+�A� = Z−1 exp�− 	
0

A f�A��
D�A��

dA�� , �8�

with a normalization constant Z determined by an equality

2��0
�W̄+�A�AdA=1. Here the amplitude-dependent diffusive

component is

D�A� =
�

4�2 +
1

4�4 P� cos2���L�X� + �R�X� + ��L�X�

− �R�X��G− + � 

2�
�2

P� cos �
G−��
−1� cos �G−�� .

�9�

The amplitude-dependent driving component is f�A�
= fdamp�A�− fel�A�. with the damping force and electric-field
force written respectively as

fdamp�A� = A
�

2
, fel�A� = −



2�
P� cos �G−. �10�

From the continuity equation for the charge, the stationary
current through the system is given by

I = e Tr��L�e−2x/��0� =
e

2
�L	

0

�

W+AdA	
0

2�

d�e−�2A sin �+/��

��1 + G−� . �11�

When the dynamical system is biased negatively, one
must return to Eq. �2� and rederive the formula. We find that
the above formulas are also suitable for the NBV case

only when exchanging �L�X�⇔�R�X� and setting X
=A sin��+��.

III. ANALYSIS OF THE RECTIFICATION EFFECT

We consider a shuttle structure with an asymmetry factor
defined as �= ��L−�R� /� and �=�L+�R. Based on the
above theory, we depict the I- curves in Fig. 1. It is found
that when  increases negatively or positively, both the
curves exhibit an abruptly increasing current at a certain
threshold voltage. The threshold value is the transition point
from the tunneling regime to the shuttling regime. When ��
is smaller than both thresholds �e.g., at points T1 and T2�, the
currents of both the PBV and the NBV are very small, pro-
portional to �L�R / ��L+�R�. When �� is greater than both
thresholds �e.g., at points S1 and S2�, the currents are very
large and given by I=ef , with f ��0 /2� as the self-
oscillation frequency of the NQD. It is interesting to find that
the threshold of electric field �� is lower for the PBV than
for the NBV. Thus there appears a new region �e.g., at points
R1 and R2� between the two thresholds. In this region the
shuttling transport with large current dominates the elec-
tronic transport for the PBV case, while the tunneling trans-
port with very smaller current does for the NBV case. This
means that electron current will flow through the NEM-SET
devices in one biased direction but will almost be prohibited
in the other biased direction at this new region. In other
words, the present NEM-SET exhibits an ideal diodelike rec-
tification effect. We term this new region between two
thresholds as rectification region. In the following we evalu-
ate the realistic current by taking the parameters from the
experiment.7 The narrowest gap between the two leads is L
=1 nm, the harmonic force constant is K=70 N m−1, and
the vibrational frequency of the molecule C60 is f
=1.2 THz. Thus, one can obtain ��0�5 meV and x0
�10−3nm. After recovering the unit, the threshold voltage is
about 1 V �=0.2� for the PBV and −1.1 V �=−0.22� for
the NBV, and the shuttling current is about 190 nA and the
tunneling current is about 9 nA. In order to detect the recti-
fication in experiment, the single-molecule setup7,26 is the
most possible candidate.

The above transport features are closely related to the
oscillator behavior. In what follows we will analyze the

FIG. 1. I- curves. The parameters are �=0.01, �=0.8, �=0.1,
and �=5.
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probability distribution of the oscillator in the Wigner phase
space. In the quasiclassical regime ���x0�, the competition
between work functions Wel�A�=�0

Afel�A��dA� and
Wdamp�A�=�0

Afdamp�A��dA�, done by fdamp and fel respec-
tively, directly determines whether the oscillator is in the
tunneling or the shuttling regime. It is convenient to define
an effective potential18 V�A�=Wdamp�A�−Wel�A� as a func-
tion of A. In Fig. 2, we plot the effective potential V�A� in the
upper panels and the corresponding probability distribution
function AW+�A� in the lower panels as functions of oscilla-
tion amplitude A. In Figs. 2�a� and 2�d�, 2�b� and 2�e�, 2�c�
and 2�f� the electric fields respectively correspond to the
points T1, R1, and S1 for the solid curves and points T2, R2,
and S2 for the dashed lines in Fig. 1. In the Figs. 2�a�–2�c�,
the global potentials present a double-well structure, one
well located around the origin and the other at Acl, which is
classic limit cycle shown by the vertical dotted line. The
limit cycle is mainly determined by dynamic equilibrium
condition f�Acl�=0 and f��Acl�
0. With �� increasing in
Figs. 2�a�–2�c�, the potential heights between the double well
change relatively, resulting in the altering of distribution
function peaks. When �� is smaller, the NQD oscillates in
the ground state with a small amplitude, indicated by the
AW+�A� peaks in Fig. 2�d� located around the origin. This is
because the energy pumped from electronic current into the
oscillator is not enough to overcome damping environment,
i.e., Wel�Wdamp. When �� goes up and arrives at Fig. 2�b�,
there is an essential change for the PBV case because of
Wel
Wdamp �or V�Acl��0�. In a cycle of the island oscillat-
ing, the excess energy is available for the oscillator to en-
large its amplitude for the PBV case. As shown in Fig. 2�e�
the distribution function peak has been shifted to the position
Acl, which implies that the oscillator has entered into shut-
tling state. On the contrary, the distribution function in Fig.
2�e� for the NBV case �dashed line� remains at the origin
owing to V�Acl�
0, which shows that the oscillator is still in

the tunneling regime. Therefore, for two biased directions the
oscillator is located in different regimes. The shuttling trans-
port with large shuttling current in the PBV dominates the
electronic transport, while the tunneling transport with very
small current does so in the NBV. When �� enhances further
as shown in Fig. 2�c�, the potentials for both the PBV and the
NBV are negative, so both the probability distributions of the
oscillator are located at around Acl �see Fig. 2�f��. In this
potential both transports are shuttle type. It is noticed that in
Figs. 2�a�–2�c� the solid lines are always lower than the
dashed lines owing to Wel

P�A�
Wel
N�A�, where the super-

scripts denote the PBV and NBV. Difference in potential for
two biased directions is very important in the arising of the
rectification effect. In order to understand the underlying
physics, we should analyze in detail the work Wel�A�, which
is closely related to the shuttling correlation G− or the occu-
pation n in the dot due to fel�A�=− 

2� P� cos �G−.

IV. ANALYSIS OF THE ELECTRON OCCUPATION IN
THE NQD

In what follows we will discuss the origin of Wel
P�A�


Wel
N�A�. It is needed to make a detailed comparison of the

occupation in the shuttle dot between the PBV and the NBV
cases. In Figs. 3�a� and 3�b� we exhibit the variation in net
occupation n�A ,��=1 /2�1−G−�A ,��� with oscillator phase �
for fixed amplitudes A. Because of �L�X���R�X�, �R�X� be-
comes the transport bottleneck. For the small A as shown in
Fig. 3�a�, an electron easily tunnels into the dot from the left
lead but cannot in time tunnel off to the right lead when the
system is subject to the PBV. Therefore, the dot is in a
majority-occupied state. On the contrary, in the NBV an
electron easily tunnels out into the left lead but finds it hard
to jump into the dot from the right lead, and so the dot
presents a minority-occupied state. In this small amplitude,

FIG. 2. Effective potentials V�A� and corresponding amplitude
probability distributions AW+ for the PBV �solid line� and NBV
�dashed line� cases. The solid lines in �a� and �d�, �b� and �e�, and
�c� and �f�, respectively, correspond to points T1, R1, and S1 in Fig.
1, and the dashed lines correspond to points T2, R2, and S2. The
other parameters are the same as in Fig. 1.

FIG. 3. The net electron occupation n��� in the NQD as a func-
tion of oscillating phase � for �a� A=0.5 and �b� A=3.5 ; n�A� as a
function of A �c� with and �d� without the shift in equilibrium po-
sition. The other parameters are =0.2, �=0.6, �=0.1, and �=5.
The solid lines correspond to the PBV and the dashed lines to the
NBV.
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the electron transport is tunnel type. With increasing A, the
tunneling rate exponentially increases and it is possible for
the electron to directly shuttle from the emitter to the collec-
tor. Figure 3�b� shows obvious evidence for the system to
enter the shuttling regime, independent of biased directions.
The value averaged over �, n�A�=1 /4��0

2�d��1−G−�A ,���,
is illustrated in Figs. 3�c� and 3�d�, in which it is close to 0.5
in the shuttling regime. This means that the dot carries an
electron from the emitter to the collector and is empty on its
return trip. For convenience, we assume the shuttle dot to be
unshifted by the electric-field influence �i.e., setting
�L�R��X�=�L�R�e

�2X/��. The corresponding curves for the
PBV �solid line� and the NBV �dashed line� are indicated in
Fig. 3�d�. One can find that the curves are strictly symmetri-
cal about n=0.5, or the shuttle correlation G−�A�→−G−�A�,
when →−. From Eq. �10� we know the electric-field
force acting on the oscillator fel�A� is the same for both the
PBV and the NBV since G− remains unchanged when 
→−. In this case, our calculations show that Wel

P�A�
=Wel

N�A� and the electronic current is I�V�=−I�−V�. How-
ever, in fact, in the realistic system under consideration, the
equilibrium position of the NQD is shifted by the electric
field �taking �L�R��X�=�L�R�e

��2X+/���. This shift makes n�A�
gradually get close to n=0.5 for the PBV and close to n=0
for the NBV. As a result, the curves exhibit asymmetry be-
tween the dashed line and the solid line in Fig. 3�c�. This
change can be understood by the following arguments: The
electron transport is mainly determined by the tunneling be-
tween the right lead and the dot �bottleneck�. If the system is
based positively, the equilibrium position of oscillator shifts
toward the right collector, which is favorable for unloading
in time an electron out of the majority-occupied dot. In con-
trast, if the system is based negatively, the opposite shift is
more unfavorable for loading an electron into the minority-
occupied dot. Comparing Fig. 3�c� with Fig. 3�d�, it is obvi-
ous that the symmetry is broken, i.e., G− changes when 
→−. In turn, the asymmetry breaking leads to the larger
work done by electric field for the PBV compared with that
for the NBV, i.e., Wel

P�A�
Wel
N�A�. As a result, the I-V curve

exhibits a rectification effect, I�V��−I�−V�.
We plot the currents for three sets of parameters as a

function of �� in Figs. 4�a�–4�c�, where we put the PBV
curves �solid lines� and the NBV curves �dashed lines� to-
gether for comparison. In the NBV case, the corresponding
axes’ labels are of opposite sign. Comparing Fig. 4�b� with
Fig. 4�a�, we find that with decreasing asymmetric factor �
the rectification regime becomes narrower because symmetry
breaking becomes little and that the whole curves shift to the
smaller electric field due to increase in �R. Our calculations
show that the rectification regime vanishes if the system
structure is symmetrical �setting �=0�. A comparison of Fig.
4�c� with Fig. 4�a� shows that smaller damping environment

makes both the curves shift to smaller �� together. When the
dissipative rate � decreases, only a smaller electric field is
required for the electronic transport to enter the shuttling
regime. At the same time, � also changes the span of recti-
fication regime by changing the threshold electric field.

V. SUMMARY

We start from the quantum master equation to analyze
electron transports through an asymmetric NEM-SET device
by applying Wigner phase technique in the quasiclassical re-
gime ���x0�. It is found that the shuttle instability in the
asymmetric structure is closely dependent upon the biased
direction �PBV or NBV�. The onsets of the dynamical insta-
bility are different for positive and negative biases because
of the symmetry-broken occupation in the dot, which makes
the works done by the electric field in a shuttling cycle dif-
ferent for two biased directions. The work in the PBV is
larger than that in the NBV at the same dissipative environ-
ment, so the threshold for the PBV is smaller compared with
the one for the NBV. Between two thresholds, there appears
an interesting diodelike rectification effect because the posi-
tive onset voltage is lower than the negative one. If either the
asymmetry or the shift disappears, the rectification will van-
ish. In the deep quantum regime ���x0�, it is needed to take
into account the higher-order terms or adopt full numerical
calculation as done in Ref. 16. However, we expect that the
rectification can remain in the deep quantum regime, al-
though it may be somewhat destroyed by stronger quantum
effect.
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FIG. 4. �I�-�� curves in the PBV �solid lines� and NBV �dashed
lines� cases with the parameters �a� �=0.8, �=0.01; �b� �=0.6, �
=0.01; and �c� �=0.8, �=0.008. The other parameters are the same
as in Fig. 1.
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